
I N T E R P O L A T I O N  E Q U A T I O N  OF S T A T E  F O R  

W A T E R  AND W A T E R  V A P O R  

B .  V.  Z a m y s h l y a e v  a n d  M. G.  M e n z h u l i n  

Here a procedure  is given for the construct ion of an interpolation equation of state for water,  taking 
into account vaporization,  dissociation, and the asymptotic behavior of mat ter  under ultrahigh compress ion .  
Well-known equations of state for water  [1-3] are  res t r i c ted  to the range of experimental  data on dynamic 
compress ion  (p < 1 Mbar) and general  thermodynamic relationships are neglected in their  formulation. 

We represen t  the free energy F of water  in an a rb i t ra ry  state as the free energy F 0 of water in the 
condensed state with correc t ions  for vaporization, dissociation, hydrogen bonds, and e lectron excitation. 
The various forms of internal motion within the molecules are considered to be independent. As was done 
in [4], we assume that in the condensed state the water  molecules have the following forms of motion: three 
translational  and two torsional vibrations, free rotation about the dipole axis, three internal motions of the 
nuclei in the molecule, and on hydrogen bonds. 

Moreover ,  it is supposed that the torsional  oscil lations are  descr ibed by the Debye approximation. 
The possibil i ty of this has been indicated by a number of authors, and for  cer ta in  molecules it provides a 
sufficiently good approximation [5]. 

For  water  there  is completely sa t is factory agreement  between the calculated and the actual specific 
heat c V for  V -~ 1 cmZ/g and supercr i t ica l  t e m p e r a t u r e s .  

Under these assumptions the express ion for F 0 has the form 

3 

Fo = Ex (V) ~ --~ T In 0D ~ 40r '/2 

h 2 
0 r - -  

8n~Jk 

Here E x is the energy of elast ic interaction; J is the moment of inert ia  of water  about the dipole axis ; 
0D, 0 r ,  and 0 i are the charac te r i s t i c  t empera tu res  for  the Debye degrees of freedom, rotation, and in tern-  
al osci l lat ions,  respect ively;  T is the tempera ture  in degrees  Kelvin; R is the universal  gas constant; Fz is 
the molecular  weight; h is P lanek ' s  constant; and k is Boltzmann's  constant.  

We introduce a cor rec t ion  to F 0 analogous to that in [6] 

~,F1 = 5 R--- r In (l q-z1) 
rx 

where the coefficient 54 is chosen to optimize agreement  of the equation of state with well-known exper i -  
mental  data on the static compress ion  of water .  We find the express ion for  zl(T, V) from the condition that 
F 0 + AF 1 should go over into the express ion for the free energy F~ of water  molecules in the ideal-gas  
state for z 1 >> 1. 

Ufider the condition that the various degrees of freedom are independent, we have for  water  molecules 
in the ideal-gas  state 
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Then  

B ,~,I_V/ h~ ~/~ N /Or:OmOra~ 7~ 2 ~ / .  Fo ~  , , u H - - j  - - J - - ~ T - - p  - -  ~ , r  

zl = 3.6 T 
VO.4OD~ 

H e r e  V i s  the  s p e c i f i c  v o l u m e  in c m 3 / g  and N i s  the  n u m b e r  of p a r t i c l e s  in one g r a m .  

One c a n  a s s u m e  tha t  0 D is  a funct ion only of the s p e c i f i c  v o l u m e .  Then  the d e p e n d e n c e  0D(V ) i s  
found f r o m  the  r e l a t i o n s h i p  

V 

oo =oo.exp I- i 
V, 

(2) 

(3) 

H e r e  ~ i s  the  G r u n e i s e n  c o n s t a n t .  

To m a k e  an a p p r o x i m a t e  e s t i m a t e  of the  e f fec t  of d i s s o c i a t i o n  on the t h e r m o d y n a m i c  func t ions  of  
w a t e r  we s tudy  the r e a c t i o n  

H~0 ~- 2H + 0 

We r e p r e s e n t  the  c o r r e c t i o n  to  the  f r ee  e n e r g y  due to d i s s o c i a t i o n  in the  f o r m  

i B T i n  (4 + z~) (4) 

We f ind the  d e p e n d e n c e  z2(V , T) f r o m  the  cond i t ion  tha t  the  e x p r e s s i o n  F 0 + A F  1 + A F  2 should  go o v e r  
in to  tha t  fo r  the f r e e  e n e r g y  of w a t e r  v a p o r  in the  fu l ly  d i s s o c i a t e d  i d e a l - g a s  s t a t e  fo r  z 2 >> 1. In p a r t i c u l a r ,  
f o r  z 1 >> 1 we ob ta in  

7.4- l0 TM *r4 - -  2U 
z~:---~v exp ~ (U/~=I.106.10~oK) 

H e r e  U i s  the  e n e r g y  of d i s s o c i a t i o n  of a w a t e r  m o l e c u l e .  

The c o e f f i c i e n t  1/2 in Eq.  (4) i s  c h o s e n  in  o r d e r  to fu l f i l l  the  cond i t ion  Z2max >> 1 beh ind  a shock  f ront  
and to o p t i m i z e  the  a p p r o x i m a t e  r e l a t i o n s h i p  {4) as  a c o r r e c t i o n  c a l c u l a t e d  a c c o r d i n g  to the  p r i n c i p l e  of 
m i n i m i z a t i o n  of f r ee  e n e r g y .  In  th i s  c a s e ,  fo r  t e m p e r a t u r e s  T >- 7.4 �9 104 ~ w a t e r  i s  r e p r e s e n t e d  as  an 
i d e a l - g a s  m i x t u r e  of a t o m s  of oxygen  and h y d r o g e n  fo r  a l l  s t a t e s  c o m i n g  wi th in  the r e s t r i c t i o n  of  the  shock  
a d i a b a t .  

The c o m p o n e n t s  of  the  t h e r m o d y n a m i c  f tmct ions  of w a t e r  due to the  h y d r o g e n  bonds  can  be e s t i m a t e d  
f r o m  da t a  on the s p e c i f i c  h e a t  and e n t h a l p y  of w a t e r  [4, 7] and the va lue  of the  c r i t i c a l  t e m p e r a t u r e  T .  = 
647~ at which  a l l  h y d r o g e n  bonds  a r e  c o m p l e t e l y  b r o k e n .  As  a f i r s t  a p p r o x i m a t i o n  we a s s u m e  tha t  in the  
a b s e n c e  of v a p o r i z a t i o n  (z 1 = 0) the  n u m b e r  of h y d r o g e n  bonds  i s  a funct ion  of t e m p e r a t u r e  a lone .  Then  tha t  
p a r t  of  the  s p e c i f i c  h e a t  due to  the  h y d r o g e n  bonds  i s  found as  the  d i f f e r e n c e  be tw e e n  the  t o t a l  s p e c i f i c  hea t  
cv (1  , T) a t  V = 1 c m ~ / g  and the  s p e c i f i c  hea t  d e t e r m i n e d  on the b a s i s  of  e x p r e s s i o n  (1) and the r e l a t i o n s h i p  

0 0 F 

The value of the specific heat CVOH(I , T),estimated in this way, can be approximated by the relation- 
sh ip  

eVOH (~, T)=-~(6.8--'i.05"iO-~T) 

F r o m  th i s  we ob ta in  the  fo l lowing e x p r e s s i o n  fo r  the  f r e e  e n e r g y  due to the  h y d r o g e n  bonds ,  wi th  z 1 = 0: 

FoI_I(I,T)=R(--i5.61gT+5.25.,O-ST 2-2"~08 ) T ]-44 T 
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C l e a r l y ,  the  p r o b a b i l i t y  W of  the  e x i s t e n c e  of h y d r o g e n  bonds  i s  l a r g e s t  for  z 1 = 0 and d e c r e a s e s  wi th  
i n c r e a s i n g  z 1. F o r  a r b i t r a r y  v a l u e s  of z 1 we m a y  a s s u m e  tha t  FOH is  p r o p o r t i o n a l  to the  p r o b a b i l i t y  W of 
the  e x i s t e n c e  of  h y d r o g e n  bonds  

yo~ = WYo~ I (i, T) 

w h e r e  W can  be a s s u m e d  to be of the  f o r m  W = 1 / ( 1  + z l ) .  

F r o m  th i s  we obta in ,  n e g l e c t i n g  s e c o n d - o r d e r  t e r m s ,  

R 6.8T --  5.25.t0~T 2 -  2.2.10 s 
EOH - -  i + z l  

Cvoit (i, T) 
- -  (T < T.) CVOH t q- zl 

The  h y d r o g e n  bonds  have  p r a c t i c a l l y  no e f fec t  on the  p r e s s u r e .  

Thus ,  we have  the fo l lowing r e l a t i o n s h i p s  fo r  the  t h e r m o d y n a m i c  funct ions  of w a t e r :  

3 

(5) 

R T (5";@z1_4_2 z~ / 

3 

E = E~(V) + T {5.S-- 25 ~ ~ .  ~, + 0~ / r + t 
i + z l - -  z 'l~-z~ '= exp01/T-- i  +z~ 

(6) 

The t h e r m a l  p a r t  of the  e l e c t r o n  c o m p o n e n t s  E e and Pe of the  equa t ions  of s t a t e  (5) and (6) can  be 
e s t i m a t e d  in an a p p r o x i m a t e  way by m a k i n g  u s e  of L a t t e r ' s  so lu t i on  of the  T h o m a s - F e r m i  equa t ions  [8], the 
a p p r o x i m a t i o n  be ing  fu l f i l l ed ,  fo r  i n s t a n c e ,  in  [9]. R e g a r d i n g  w a t e r  a s  m a d e  up of  c e l l s  in  which  a nega t ive  
c h a r g e  of 10e (e b e i n g  the  c h a r g e  of an e l e c t r o n )  i s  s m e a r e d  out u n i f o r m l y ,  we ob ta in  

( v'/, .~-' 4.71.10-aT 2 1 + arm (7) 
.Pe = t.235V V~ -}- TV. i0 -5 t.02 @ 7.69. IO-lOTV2V ] 

. [ 3 . (0.358T V' ~- 1.825-t0aV '/') q kg. cm/g 

The  func t ion  y (V) can  be w o r k e d  out f r o m  da t a  on the s t a t i c  and d y n a m i c  c o m p r e s s i o n  of w a t e r ,  t ak ing  
account  of  i t s  a s y m p t o t i c  v a l u e s  y = 2/3 fo r  V ~ ~o and V ~ 0. The  va lue  y = 2/3 fo r  V ~ 0 fo l lows  f r o m  the 
p r o p e r t i e s  of  m a t t e r  at  u l t r a h i g h  c o m p r e s s i o n ,  d e s c r i b e d  by the  T h o m a s - F e r m i  m o d e l ,  which  y i e l d s  the 
a s y m p t o t i c  r e l a t i o n s h i p  P x  ~ V-5/3. The  quant i ty  Px and i t s  d e r i v a t i v e s  d e t e r m i n e d  the G r u n e i s e n  c o n s t a n t  
a c c o r d i n g  to the  L a n d a u - S l a t e r  and the D u g d a i l - M a c d o n a l d  t h e o r i e s  and the t h e o r y  of a f r e e  r e g i o n .  C a l -  
c u l a t i o n s  by any of  t h e s e  t h e o r i e s  l e a d  to the va lue  7 = 2/3 fo r  V ~ 0 .  

E x p e r i m e n t a l  da t a  on the  s t a t i c  c o m p r e s s i o n  of w a t e r  have  been  a p p r o x i m a t e d  wi th  g r e a t  a c c u r a c y  by 
J u z a  [10], fo r  i n s t a n c e ,  by  an e x p r e s s i o n  of the  f o r m  g iven  in  [11, p. 233], 

RT a (V, T) 
P = ~-V r (v) + v~ (9) 

In the  c a s e  w h e r e  a(V,  T) depends  only  on V, Eq. (5) c o i n c i d e s  e x a c t l y  wi th  (9) fo r  z I << 1. 

A c c o r d i n g l y ,  we can  a s s u m e  tha t  y = ~ r and that  the t e m p e r a t u r e  dependence  of a (V,T) i s  c o m -  
p e n s a t e d  by  the quant i ty  z 1 . 

The f o r m  of the dependence  y (V) can  be  a s s u m e d  fo r  V -< 1 c m 3 / g .  S ta t e s  wi th  V > 1 c m  3 /g  c o r r e -  
spond  to h igh  t e m p e r a t u r e ,  fo r  which  the p r e s s u r e  i s  not  d e t e r m i n e d  by  the Debye  d e g r e e s  of  f r e e d o m  a lone ,  
and the s i m p l e  r e l a t i o n s h i p  7 = ~ ~ i s  no l o n g e r  va l id .  
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F o r  V > 1 we can  i n t r o d u c e  an i n t e r p o l a t i o n  f lmct ion whose  magn i tude  and f i r s t  d e r i v a t i v e  c o i n c i d e  
wi th  t h o s e  of ~4) at  the  poin t  V = 1 c m 3 / g  and whose  a s y m p t o t i c  va lue  i s  y = ~ f o r  V ~ ~ .  

A s e r i e s  of v a l u e s  of Y (V) fo r  V > 0.49 c m 3 / g  can  be ob ta ined  f r o m  e x p e r i m e n t a l  da t a  on r e f l e c t i o n  
of  shock  waves  [12]. 

I n t r o d u c i n g  an i n t e r p o l a t i o n  funct ion ,  co inc id ing  in magn i tude  and the va lue  of i t s  f i r s t  d e r i v a t i v e  wi th  
~ r  at V = 0.59 c m 3 / g  and having  the a s y m p t o t i c  va lue  7 = 2/3 fo r  V ~ 0, we ob ta in  a funct ion y(V) fo r  V < 
0.59 c m 3 / g  which  d e s c r i b e s  the  e x p e r i m e n t a l  da t a  of [12] in  a s a t i s f a c t o r y  way .  

Thus ,  we have  

2 1 (v< i cm3/g 
T ( V ) = ' ~ @ t 2 V l a . 1  

t [t ' t.09008 , 0.835352 , 0.45304 ~ ( V ) = y l  ~ - - - g - ~ - ~ - - - - N - - - * ~  + - -  

(V)=~+4 .6 t8V 4'1~ 

0.396896 0.0i55648 , 0.C0363725~ 
V ~ --  ~i~" -t- ~ ) 

(V ~o.59 cm3/g 

(0.59 < v -.< i cm3/g 
( lO) 

And so  the  t h e r m a l  c o m p o n e n t s  of the  t h e r m o d y n a m i c  func t ions  a r e  c o m p l e t e l y  d e t e r m i n e d .  

The  e l a s t i c  c o m p o n e n t s  Px(V) and Ex{V) c a n  be  d e t e r m i n e d  f r o m  e x p e r i m e n t a l  da t a  on s t a t i c  and 
d y n a m i c  c o m p r e s s i o n  of  w a t e r  and w a t e r  v a p o r .  In  the  r a n g e  of  s t a t i c  p r e s s u r e s  Px can  b e  d e t e r m i n e d  in 
the  fo l lowing way .  

F r o m  the  t a b u l a t e d  da t a  of [7] and B r i d g m a n ' s  e x p e r i m e n t a l  da t a  on i s o c h o r s  [13], a n u m b e r  of va lue s  
of T and the t o t a l  p r e s s u r e  p w e r e  c h o s e n .  With  u s e  of the  r e l a t i o n s h i p s  (2), (3), (5), and (10) i t  i s  an e a s y  
m a t t e r  to d e t e r m i n e  the  t h e r m a l  c o m p o n e n t  of  the  p r e s s u r e  Pm c o r r e s p o n d i n g  to s e l e c t e d  v a l u e s  of V and 
T .  Then  the  e l a s t i c  c o m p o n e n t  Px i s  found as  the  d i f f e r e n c e  be tw e e n  the t o t a l  and the  t h e r m a l  p r e s s u r e s .  
The  v a l u e s  of Px found in  t h i s  way  a g r e e  we l l  among t h e m s e l v e s  o v e r  a wide  r a n g e  of  m e a s u r e m e n t s  of the  
o v e r a l l  p r e s s u r e .  Da ta  c o r r e s p o n d i n g  to  the c a l c u l a t i o n s  a r e  g iven  in  T a b l e  1. T h e s e  c h a r a c t e r i z e  the  
c o n v e r g e n c e  of v a l u e s  of Px fo r  v a r i o u s  v a l u e s  of  p and, c o n s e q u e n t l y ,  the  o v e r a l l  e r r o r  in  t he  equa t ion  of  

s t a t e  a s  w e l l .  

In  the  d o m a i n  of  d y n a m i c  e x p e r i m e n t s  Px and E x a r e  found f r o m  the  r e l a t i o n s h i p s  

P ~  = P r  - PT, E r - -  R o  = 11~ (Pr + do) (Vo - -  Vr) 
Ex = - -  f pxdV' Ep = E x -}- E T 

w h e r e  the  s u b s c r i p t  r i n d i c a t e s  tha t  v a l u e s  of the  p a r a m e t e r s  of the  m e d i u m  a r e  to be t aken  at a poin t  i m -  
m e d i a t e l y  beh ind  the shock  f ron t  and the  s u b s c r i p t  T i n d i c a t e s  the  t h e r m a l  componen t  of the  c o r r e s p o n d i n g  
p a r a m e t e r .  

E x p e r i m e n t a l  da t a  on shock  c o m p r e s s i o n  of w a t e r  a r e  wel l  a p p r o x i m a t e d  by  the  fo l lowing r e l a t i o n -  
s h i p s  b e t w e e n  the  v e l o c i t y  N of the  shock  f ron t  and the p a r t i c l e  v e l o c i t y  v:  

N = co-}- 2v 

N = i.16co + t.73v 
N = 1.73co @ t.28v 

(, < 89~'. m/sec) 
(sgo < v < ~s4o m/sec) 

(1840 <: v <: 13 000 m/.~ec) 

(11) 

T A B L E  1. 

V, cm3/g ~/p x, arm 

0.74 
0.76 
0.86 
0.90 
i.0 
1.2 

3 
5 

l0 
100 

25600/10400 
i3400/7450 
6000/--1500 
3OOO/--3O4O 
20/--4980 
250/--6600 
245/--2530 
457/--t250 
22O/--460 
22/--8.8 

26600/i0500 
15i00/7350 
6500/--i520 
3500/--3090 
300/--5200 
850/--6700 
300/--2550 
500/--t240 
28O/--47O 
34/--8.4 

t6600~i40 
9700/--1300 
4000/--3130 
2300/--5190 

t000/--2600 
t000/--t260 

55/--8.0 

H e r e  c 0 i s  the  sound  s p e e d  in the  u n d i s t u r b e d  
m e d i u m .  

Unde r  u l t r a h i g h  c o m p r e s s i o n  a n u c l e a r  gas  m a y  
be  c o n s i d e r e d  to  be  i d e a l ,  and the e l e c t r o n  c o m p o n e n t  
i s  d e t e r m i n e d  by  r e l a t i o n s h i p s  (7) and (8). Then  the  
shock  a d i a ba t  fo r  w a t e r  i s  e a s i l y  c a l c u l a t e d  fo r  t h i s  
d o m a i n  of  p r e s s u r e s .  R e s u l t s  of the  c o r r e s p o n d i n g  
c a l c u l a t i o n s  a r e  we l l  a p p r o x i m a t e d  by r e l a t i o n s h i p s  
(11) in  the  r a n g e  2.53 �9 104 < v < 1.5 �9 105 m / s e c ,  and 
a l so  by  the  d e p e n d e n c e  
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plO~atm 

12 

8 

o 

-2 
a5 

r~ 

200~ 

1000 

1 

oi- V'cm3/g as 
~8 0.8 tO 

~ ' ~ ~ ~  cmS/g 
a8 

F i g .  1 F i g .  2 

~v = --  3 32co + t.33v m/sec for ~ > 1.5. t0 ~ m/sec (12) 

As  equa t ions  (11) d e s c r i b e  both  the  e x p e r i m e n t a l  and the c a l c u l a t e d  r e s u l t s ,  t hey  can  e v i d e n t l y  be u s e d  
fo r  i n t e r p o l a t i o n  of the  shock  a d i a b a t  f o r  w a t e r  t h roughou t  the  e n t i r e  i n t e r m e d i a t e  r a n g e .  

In  the  c a l c u l a t i o n  of Px and E x the  i n t e r a c t i o n  of  a l l  the  p a r t i c l e s  - n u c l e i  and e l e c t r o n s  - i s  t aken  into 
accoun t  s i m u l t a n e o u s l y .  F i g u r e  1 shows  v a l u e s  of Px (curve 2) and the  shock  a d i a b a t  (curve 1) c a l c u l a t e d  
in  th i s  way,  and a l s o  e x p e r i m e n t a l  d a t a  on shock  c o m p r e s s i o n  of w a t e r  f r o m  [12, 14] (points 3 and 4, r e s p e c -  
t i v e l y ) .  

A p p r o x i m a t e  f o r m u l a s  fo r  Px (in a t m o s p h e r e s )  c a n  be r e p r e s e n t e d  in  the  f o r m  

1.26.i04 
p~ =-- VI.~4 (v > ~o cm3/g) 

4.8. lff t (1 -- V [ 0.837) 
(o.s < v<~o cm3/g) 

Px = vV~[ l _ 1.7(t - -  V/0.837] ~ 

2.63114.10 ~ 1.75451. i0 ~. 3.6i83. iO ~ 
Px = 1.25701 --  V + V 2 V 3 (0.6 < V ~ 0.s cmS/g) 

5.31.t0 a 
P x - -  V5.O4 (V<o.6 cm3/g) 

Having o b t a i n e d  the  t h e r m o d y n a m i c  func t ions  of w a t e r ,  one can  m a k e  a p p r o x i m a t e  c a l c u l a t i o n s  of the  
v a p o r i z a t i o n ,  d i s s o c i a t i o n ,  and e l e c t r o n  e x c i t a t i o n .  Wi th in  the r a n g e  of the  e x p e r i m e n t a l  da t a  on s t a t i c  c o m -  
p r e s s i o n  of w a t e r  the  e r r o r  in p r e s s u r e  in  the  equa t ion  of s t a t e  ob t a ined  h e r e  does  not e x c e e d  a few p e r c e n t .  

E s t i m a t e s  of e r r o r s  in the  t h e r m o d y n a m i c  func t ions  in the  d o m a i n  of u l t r a h i g h  p r e s s u r e s  a r e  i m p o s -  
s i b l e  s i n c e ,  at  the p r e s e n t  t i m e ,  n e i t h e r  e x p e r i m e n t a l  n o r  r i g o r o u s  t h e o r e t i c a l  r e s u l t s  on the t h e r m o d y n a m -  
i c  p r o p e r t i e s  of w a t e r  in  th i s  d o m a i n  a r e  a v a i l a b l e .  

H o w e v e r ,  s a t i s f a c t i o n  of  a l l  a s y m p t o t i c  t r a n s i t i o n s  and an e s t i m a t e  of the  s h o c k  a d i a b a t  tha t  t a k e s  a c -  
count  of the  a s y m p t o t i c  l aws  of the  b e h a v i o r  of w a t e r  e v i d e n t l y  e n s u r e s  an a c c u r a c y  su f f i c i en t  fo r  p r a c t i c a l  
c a l c u l a t i o n s  in th i s  d o m a i n  as  we l l .  In p a r t i c u l a r ,  t h i s  i s  a t t e s t e d  to by the good a g r e e m e n t  b e t w e e n  e x p e r i -  
m e n t a l  da t a  on the t e m p e r a t u r e  beh ind  a shock  f ron t  f r o m  [15] and the  c u r v e ,  c o n s t r u c t e d  on the b a s i s  of 
c a l c u l a t i o n ,  in F i g .  2. 
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